MATH1013 Calculus | Problem Set 8
L02, L10 (Fall 2025)

Solution to Problem Set 8

1. (a) Usinginformation from the table, we have
2 2 2
J- [3f'(x) — 4xg' (x*)]dx = 3J- f'(x)dx — 2f g’ (x?)dx?
0 0 0

=3[f()]§ - 2[g(xD]§ = 3[f(2) — f(0)] — 2[g(4) — g(0)]
=3(0-2)—2(1-2) = —4.

(b) Using information from the table, we have

f PG+ 3P+ 3dx = f e+ DPAf G+ 3)

-1 -1
Prrenr| -trar-iror
= [jlre+an] =qr@r-r@

— 1 ]} 4 1 4 __ 1
_Z( ) _Z(O) =7

2. With the substitution uzi, we have xzi, dx = —%du, u = 2 when xzé, and uzé when x = 2.

Thus,

N

P

1
( 1)d 3 f?—lnud 3 J‘Z Inx p
2\"w2) M T , u2+1 “= %1+x2 x

J‘Z In x 4 _f
1 T2 2

2 1+ (%)
. . 2 Inx
Rearranging the above equation we get 2 fl/Z o dx =0, so
2 Inx p
fl 1+ x2 *=0.
2
3. (@) Let u=a—x. Then du =—dx, u=a when x =0,and u =0 when x =a. Thuswe have

foaf(a —x)dx = —f:f(u)du = foaf(u)du = foaf(x)dx_

(b) (i) Using the result from (a) with a = g and f(x) = (cosx — sinx)1°13, we have

1013

T T
foz(cosx — sinx)1%%3dx = JOZ [cos (g - x) — sin (g - x)] dx

T s
= j *(sinx — cos x)103dx = — f ? (cos x — sinx)19%3dx.
0 0

This gives 2 fon/z(cosx —sinx)1%3dx = 0, and so

T
2
J (cosx — sin x)1%3dx = 0.
0
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(ii) Using the result from (a) with a = m and f(x) = x sin? x, we have

T Vs
sinzxdx—f x sin? x dx,
0

T Vs
J-xsinzxdxzf (n—x)sinz(n—x)dxznf
0 0 0

. . YA . T .
This gives 2 [ xsin® xdx = 7 [ sin® x dx, and so

” 1 T w (™1 —cos2x
f xsin®xdx == nJ- sin® x dx =—f —  dx
0 2 0 2 J, 2

T 2

2| =72
x smx—4.

2[2 o

. . _ E _ COS3X
(iii) Using the result from (a) with a = . and f(x) = ooy Ve have

n 3 n 3 (T n .3

Z cos’x 2 Cos™ \7 =X 2 sinx
—  dx = T T dx = p dx

o Sinx + cosx 0 sin(f—x)+cos(7—x) o COSX +sinx

Now
Vs Vs .3
ji cos® x ji sin® x
X >
sinx + cos x o Sinx +cosx
Vs
2z sin? x+cosx 2, ] ,
= = | (sin®x — sinx cosx + cos® x)dx
0 “sinx 4 cosx 0
3 T
7 1 2
= 1——sm2x)dx— [x+—c052x]
0 4 0
G-3)-(+3)=-"3
“\2 4 4) " 2
o)

T
2

T n i
2 cosdx 1({(z cos®x 2 sinx T—1
,76136=— %dX‘l’ ,7(136 = .
o Sinx + cosx 2\J, sinx + cosx o Sinx +cosx 4

4. We have

1 1 1
2t2+2t+3 22 -1 +2t+4 2t2-1 2 2t 2 4
7(#:[ dt = | ——dt+ dt + dt
0 V1 —t2 0 V1 —t? 0o V1 —t2 0o V1 —t2 0o V1 —t2
1

1 1
—Jixll—tzdt-l—JE 2t dt + 4 2 ! dt
0 o V1 —1t2 o V1—t2

Now

®© Similar to Q6(c) of Problem Set 7, f01/2 V1 — t2dt represents the total area of a circular sector of angle % and
of radius 1 centered at the origin, together with a right-angled triangle beneath it. So

[ oo 1) - @) - 57

2

area of sector -
area of triangle
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® With a substitution u =1 —t?, we have du = =2tdt, u=1 when t =0 and u=%when t=%. So
1 3
2 2t 71 11 1
dtz—f —duzf—duz 2Vulz =2 - 3.
fo\/l—tz 1 Vu 2 Vu [ ]z
® We also have
1
z 1 L
dt = [arcsint]? = —.
fox/l—tz ° 6
Therefore
1
2t +2t+3 T 3 T 9 7n
—dt=—(—+— 2—=V3)+4-—=2—=V3+—.
[ = (G4 5) @V +afm2-gvae
5. (a) (i) Let u=a—x. Then du =—dx, u=a when x=0,and u =0 when x =a. Thus we have
a 0 a a
ff(a—x)dx=—ff(u)du=ff(u)du=ff(x)dx.
0 a 0 0
[}

(i) Suppose that f(x) + f(a — x) = c forevery x € [0,a]. Then with x = % we have f (%) +f (g) =c,

SO

Moreover, we also have

faf(x)dx + faf(a —x)dx = fa(f(x) + f(a— x))dx = fac dx = ac.
0 0 0 0

But the two integrals on the left are the same according to (a) (i), so

ac a

foaf(x)dx =5 = af (E)

(b) Let f:[0,2m] » R be the continuous function

1

f(x) = esin3x + 1’

Then we can verify that

1 1 _ 1 1
esin3x +1 + esin3(2n—x) +1 - esin3x +1 + e—sin3x +1

fO)+f@m—x)

1 esin3x 1+ esin3x

esindx +1 + 1 +esin3x - 14+ esin3x -

forevery x € [0,2m]. Thus applying the result from (a) (ii), we have

2r 1
fo T 1dx =2nf(n) = Zn-—esin3n 1"
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6. (a) Usingthe double angle formula twice, we have

1 — cos 2x\* 1
fsin‘*x dx = f(sin2 x)%dx = J- <T> dx = fz(l — 2cos 2x + cos? 2x)dx

—fl(1 2 2+1+C°S4x)d —3fd 1f 2d+1f 4xd
= 2 COS 2x 2 x—8 X 2 Cos 2x ax 3 cosa4x ax

_3 1'2+1'4+C
—8x 451n x 3251n X ,

where C is an arbitrary constant.

(b) The product-to-sum formula gives cos 1013x cos 2025x = é(cos 3038x + cos 1012x), so

T

T 1(" 1
J- cos 1013x cos 2025x dx =§J- cos 3038x dx+§f cos1012x dx
-1 -1

-7
A A

—1[ ! '3038] +1[ ! Gnto12x] =0
= 213038V T2 o2 T

(c) Whenever x is not an integer multiple of g, we have

sin3x cos3x sin3xcosx + cos3xsinx sin(3x + x)

sinx CcosS x sin x cos x %sin 2%
sin 4x 2sin 2x cos 2x
= = = 4 cos 2x,
1 . 1 .
zstx zstx
o)
T sin3x cos3x 1 T
z (si P T
f ( — + )dx=f 4cos2x dx = [2sin2x]: =2 — /3.
T \ sinx CcoS X % z
(d) Let u=cosx. Then du = —sinxdx, u=1 when x =0,and u=0 when x = g So

z z 2
f sin® x dx = J —sin*x (—sinx dx) = j —(1 — cos? x)?(—sinx dx)
0 0 0

0 1
= f —(1—u?)?du = f (1 —2u? +uY)du
1 0

2 1 1" 8
|y 23125 =
[u 3u+ u]o 15

(e) Let u=tanx. Then du = sec?®xdx, so

f sec*xtan? x dx = f sec? xtan? x (sec® x dx) = f(l + tan? x) tan? x d tan x

1 1
= f(tanzx + tan* x)d tan x = §tan3x +§tan5x +C,

where C is an arbitrary constant.
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7.

(a) The mean voltage (in V) over 1 second is given by

1
1007t)| = 0.
1007 OS¢ ”)]0

1 (! o 311
—f E(t)dt = f 311sin(1007t) dt = [—
1-0J, 0

(b) First we have

1 1 11 — cos(200mt
f (E(t))zdtzf 3112 sin?(1007t) dt = 3112f %dt
0 0 0

3112
>

1
= 3112 Ft - Lsin(ZOOnt)] =
2" 400m 0

The RMS voltage (in V) over 1 second is given by

1 fl(E(t))zdt— 3112 311 220
1-0J, Ty 2 vz T

Problem Set 8

(c) Suppose that the amplitude of the voltage functionis A (in V). Then the voltage function becomes

E(t) = Asin(1007t).
In order that the RMS voltage is 110V, we require

1 2 A2 A
110=JmL(E(t)) dtz\/;zﬁ.

Therefore the amplitude of the voltage function (in V) is 1102 =~ 156.

(@) Assuming that the equator has radius 1, the circle on the Earth surface with latitude ¢ has radius 1 - cos ¢.

So its circumference is

2m(1 - cos¢p) = 2mcos .

Now this circumference is unrolled to become a horizontal line segment of length 2m, so it is stretched by a

factor of

new length 21

stretching factor = = sec ¢.

original length - 2w cos ¢

(b) The function y(¢) satisfies the differential equation y’(¢) = sec ¢, so

sec ¢ (sec ¢ + tan ¢) d
sec¢ +tan¢

y@) = [ secpdp = |

tan ¢ + sec?
=fsec¢ an ¢ + sec ¢d¢=1n|sec¢+tan¢|+c'

sec¢ +tan ¢

where C is some constant. Since the equator has zero latitude and zero displacement from itself, we must

have y(0) = 0. Sowehave 0 =In|sec0+tan0|+ C,andso C = 0. Therefore
y(¢) = In|sec ¢ + tan ¢|.
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(c) If the length and width of the map are both 2, then the distance from the top of the map to the equator is .
Since the map covers all points with latitude in [—a, @], we must have y(a) =7, i.e.
In|seca + tana| = m.
On solving this equation for a € (0,90°) we have seca + tana = e7, i.e.
1+sina =e"cosa
e” 1 1

———C0S Q@ — ——=sina = ————
V1+e?™ 1+e?m V1 +e?™

1 1
cos (a + arcsin T eZ”) = i
which gives the solution
1 ) 1
a= arccos\/ﬁ — arcsm\/ﬁ ~ 85.05°.

L Ldx= L dx
1+(Vx)? 2vx  2vx(+x)

9. (a) Let u =arctanvx and v =2Vx (so that dv=\/%dx). Then du = so

antidifferentiation by parts gives

f—arctan\/_dx = (arctanvVx)(2vx) — f(z\/_) 2\/—(1 +x)

= 2vxarctanvVx —In|1 + x| + C
= 2v/xarctanvx —In(1 + x) + C,

where C is an arbitrary constant.

(b) We first expand the integrand to get

T

T T T T
f (x + sinx)?dx =f (x? + 2x sin x + sin® x)dx =f xzdx+f 2xsinxdx+f sin? x dx .
0 0 0 0

0

Now we have

m 1 L |
© [ x%dx= [—x3] =-x3,
0 3 0 3

T 1—cos 2x
2

1 1 . T[_TL'
@ ['sin?xdx= [, =[5x—zsm2x]0 =~ and

® f: 2xsinx dx = [-2x cosx]¥ — fon—Z cosx dx = [—2x cos x]|F + [2sinx]T = 2m.
Therefore
5

fn( +sinx)*d I T UL e
. X T+ Sslnx x—3T[ s 2—371' 27‘[.
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(c) Letu=14+x. Then x=u—1 and du =dx, so
1 1 1
flen(1+x)dx =f(u—1)21nudu = (Inw) <§(u—1)3>—f§(u— 1)3 (Edu)

ud—3u?+3u-1

—1( 1)31 1f d
—3u nu 3 » u

1 1 1
=—(u—1)3lnu——f<u2—3u+3——)du
3 3 u

—1( 1)°1 W 4 ou—udlnu+C
—3u nu 9u zu u 3nu

1 1 1 1
=§x3ln(1+x)—§(1+x)3+5(1+x)2—(1+x)+§1n(1+x)+C

_1 3In(1 +x) ! 3+1 2_ 1 +11 1+x)+C
—3x n X 9x 6x 3x 31‘1 X ,

where C is an arbitrary constant.

(d) Integration by parts gives

e e

1
x - cos(Inx) -;dx = [x sin(Inx)]§ —f cos(lnx) dx

1

fesin(ln x) dx = [xsin(Inx)]$ —f

1

e

[x sin(In x)]§ — [x cos(Inx)]§ + j x - —sin(In x) -%dx

1

e
=esin1—ecosl+1—f sin(Inx) dx.
1

Rearranging the terms, we get

e
1
J sin(Inx) dx = E(e sinl—ecos1+1).
1
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10. The daily sales can be regarded as the “rate of change” of the total sales. Thus the total sales for the first 100

days can be estimated as the integral of the daily sales from 0 to 100, i.e.

100 100 ¢ £ 7100 100 .
f S(t)dt =f 100t2e75dt = [(100t2) (—5e‘§>] —f <—5e‘§) (200t dt)
0 0 0

0

i £1100 100 ¢
= |-500t2%e"5 + f 1000te 5dt
- 0

lo

- t-100 - t 100 100 t

= |=s00t2e75| 4+ [(10000) (—5e‘§>] —f <—5e‘§) (1000 dt)
| ] | 0 0

- t7 - t1100 100 t
= |-500t%e”5 + —5000te_§] + f 5000e75dt
| ] | 0 0

i . - 1100 £1100
= [-500t%e”5 + —SOOOte_g] + [—250006_51
: . : 0 0

—~500(100)2e~2% — 5000(100)e~2° — 25000e~2° + 25000
25000.

Q

11. (a) The final displacement of the vehicle is the integral of the velocity from t =0 to t = 40. This is equal to

the net area under the given graph on the interval [0, 40], which is

" d—110 10 102 ! 10)? 110 10 ! 10)2
| v@de =500 + (10° - gr(10)) -3 10)(10) ~ gm(10)

=100 (1 - %) ~ —57.08.

So the final displacement of the vehicle from its initial position is about —57.08 m.

(b) The vehicle first goes forward from t =0 to t = 20, and then backward from t =20 to t = 40. The

furthest displacement happens when t = 20, which is

20
fo v(t)dt = %(10)(10) + (102 - %nuoy)

= 100 (3 ”) 71.46
B 2 4) T
So the furthest displacement of the vehicle from its initial position is about 71.46 m.
(c) The total distance traveled by the vehicle is the integral fOTlv(t)ldt. This is equal to the actual area bounded
between the graph and the horizontal axis, on the interval [0, T], which is
T 1 1 1 1
f [v(Olde = (10)(10) + (102 - Z71(10)2) +5(10)(10) + 5 w(10)?
0

= 200.

So the total distance traveled by the vehicle is 200 m.
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